Abstract. The classical Patterson-Walker construction of a split-signature (pseudo-)Riemannian structure from a given torsion-free affine connection is generalized to a construction of a split-signature conformal structure from a given projective class of connections. A characterization of the induced structures is obtained. We achieve a complete description of Einstein metrics in the conformal class formed by the Patterson-Walker metric. Finally, we describe all symmetries of the conformal Patterson-Walker metric. In both cases we obtain descriptions in terms of geometric data on the original structure.
Introduction
Given a torsion-free affine connection D on a smooth n-dimensional manifold M , the classical Patterson-Walker construction [27] yields a splitsignature (n, n) pseudo-Riemannian metric g on the total space of the cotangent bundle T * M . The metric g is determined by the natural pairing of the vertical distribution V of T * M and the horizontal distribution H ∼ = T M on T * M . In particular, V and H (as determined by D) are totally isotropic with respect to g. Such metrics are endowed with a parallel pure spinor and a homothety, and satisfy an integrability condition on the Riemann curvature tensor. We shall show in section 2 that Patterson-Walker metrics are locally characterized by these data.
When n = 2, this construction is generalised in [12] where a conformal class of Patterson-Walker metrics is assigned to a projective class of volume-preserving torsion-free affine connections. As we shall see, this extends to any dimension. In order to accommodate projective invariance in this construction, we must replace T * M by the density-valued cotangent bundle T * M (2). Recall that the projective class p containing D is formed by all torsion-free affine connections which share the same geodesics (as unparametrized curves) as D. We shall suppose in addition that D preserves a volume form on M , and as such will be referred to as special. Then special connections D, D ∈ p give rise to Patterson-Walker metrics g,ĝ on T * M (2) which are conformally related, i.e.ĝ = e 2f g for some smooth function f on M . In other words, the projective structure (M, p) induces a split-signature conformal structure (T * M (2), c), see section 3 for details.
Notice that certain geometrical data are to be expected on the conformal manifold ( M , c) induced from a projective class (M, p). Firstly, there is a distinguished vector field k corresponding to the Euler vector field on T * M (2). Secondly, there is an n-dimensional integrable distribution V on M corresponding to the vertical subbundle of T * M (2). In fact, this distribution can be conveniently defined via a distinguished pure spinor field χ annihilating V . Here purity of χ corresponds to V = ker χ being maximally isotropic. Further, one expects an integrability condition imposed on the curvature of metrics in c and this we shall formulate in terms of the (conformally invariant) Weyl tensor W abcd of c. Our characterization result, proved in section 4, is then Theorem 1. A conformal spin structure c of split signature (n, n) on a manifold M is locally induced by an n-dimensional projective structure as a conformal Patterson-Walker metric if and only if the following properties are satisfied:
(a) ( M , c) admits a pure spinor χ with (maximally isotropic, n-dimensional) integrable kernel ker χ satisfying the twistor spinor equation
where D / = γ c D c is the Dirac operator and γ denotes the Clifford multiplication. (b) ( M , c) admits a (light-like) conformal Killing field k with k ∈ ker χ. (c) The Lie derivative of χ with respect to the conformal Killing field k is
(d) The following integrability condition is satisfied for all v r , w s ∈ ker χ:
In section 5, we achieve a complete description of Einstein metrics within the induced conformal class in terms of the underlying geometric objects. In what follows, R C DA B is the curvature tensor of a torsion-free affine connection D A and W C DA B is the (projectively invariant) totally trace-free part of R C DA B . That is, we use abstract indices E a ∼ = T M on M and E A ∼ = T M on M . Let us emphasize that the theorems below involve certain projectively invariant differential operators, and to formulate the invariance precisely will require the use of density-valued tensor fields. Leaving these details aside for the time being, the results can be stated as follows: 
and the integrability condition ξ D W C DA B = 0, then the induced PattersonWalker metric g is conformal to a Ricci-flat metric σ −2 ξ g off the zero-set of a rescaling function σ ξ .
In fact, any Einstein metric in the conformal class c can be uniquely decomposed into two Einstein metrics of such types.
Part (a) is a well-known fact for Patterson-Walker metrics that was already observed in [27, 9] , and which we recover. To our knowledge, the construction of Ricci-flat Einstein metrics of part (b) is new, as is the decomposition result for general Einstein metrics. The decomposition of general Einstein metrics in c can be understood explicitly: if the Patterson-Walker metric g is conformal to an Einstein metric σ −2 g, then there is a canonical decomposition σ = σ + + σ − such that both g + = σ ξ g. Finally, in section 6 we study the Riemannian and conformal symmetries of the induced Patterson-Walker metric and present their complete description in terms of affine and projective properties of D and of p, respectively. Since the construction of the conformal structure c on M = T * M (2) is natural, symmetries of the projective structure p give rise to conformal symmetries (i.e. conformal Killing fields) of c. In fact, we can completely and explicitly understand the space of conformal Killing fields of c in terms of solutions to projectively invariant equations: conformal Killing field v a − of c. In fact, any conformal Killing field of c can be uniquely decomposed as a direct sum v a + + v a 0 + v a − + c k a of components which correspond to solutions to the respective projective equations and a constant multiple of k.
Likewise, the construction of the Patterson-Walker metric g from a torsionfree affine connection D is natural, hence any symmetry of D gives a symmetry of g, i.e. a Killing field. In fact, we obtain a complete description of the space of Killing fields of g in terms of affine data: − of g. In fact, any Killing field of g can be uniquely decomposed as a direct sum v a + + v a 0 + v a − of components which correspond to solutions to the respective affine equations.
The approach of the present paper is based on an extension of the twospinor calculus of [29] to higher dimensions, already used in [22] , and developed more fully in [31, 32] . We shall set up this spinor calculus in section 3 and employ it to directly derive relationships between the original projective geometry and the induced conformal structure. A major step, which is particularly tailored for this approach, is our parallelizability result for pure twistor spinors with integrable distributions, Proposition 4.2, upon which Theorem 1 hinges.
Projective and conformal geometries are instances of Cartan geometries, or more specifically, parabolic geometries. The geometric relationship studied in this article fits into the larger framework of so called Fefferman-type constructions for this class of structures. This is worked out in [20] , which includes a characterisation result closely related to Theorem 1. The relation with the present treatment is briefly described in section 7.4. The present spinor-theoretic approach allows a succinct treatment, gives a shorter statement for the characterization of the induced structures than the one presented in [20] , and allows us to give explicit descriptions of the Einstein metrics in the induced conformal class of metrics. (b) the value of g with one entry from V and another entry from H is given by the natural pairing between V ∼ = T * M and H ∼ = T M .
It follows that V is parallel with respect to the Levi-Civita connection of the constructed metric. Hence Riemann extensions are special cases of pseudo-Riemannian manifolds admitting a parallel isotropic distribution known as Walker manifolds or Walker metrics.
We can give local coordinate expression for these Riemann extensions. Let us introduce local coordinates {x A } on M and fibre coordinates {p A } so that θ = p A dx A is the tautological 1-form on M . Here, indices run from 1 to n, but we shall view them as abstract indices. Let further
be the Christoffel symbols of a torsion-free affine connection D A on M . The horizontal distribution H associated to the affine connection D A is spanned by
Defining α ⊙ β := 1 2 (α ⊗ β + β ⊗ α) for any 1-forms α and β, we can write the Patterson-Walker metric explicitly as
from which it is clear that both V =
and H spanned by (6) are indeed isotropic with respect to (7) .
Since V and H are totally isotropic and dual to each other via the metric, we can associate to them a pair of pure spinors defined up to scale. These spinors will allow us to construct projections from T M to V and H. With a slight abuse of notation to be clarified subsequently, it will be convenient to employ abstract index notation on spinor fields (see [28] ): sections of the irreducible spinor bundles S + and S − will be adorned with primed and unprimed upper-case Roman indices, i.e. α A ′ ∈ Γ( S + ) and β A ∈ Γ( S − ), and similarly for dual spinor bundles, κ A ′ ∈ Γ( S * + ) and λ A ∈ Γ( S * − ). In particular, the Clifford algebra of (T M , g) is generated by the γ-matrices γ B ′ a A and γ B a A ′ , which satisfy
A , where δ A ′ B ′ and δ A B are the identity elements on S + and S − respectively. Let χ A ′ ∈ Γ( S + ) be a spinor field annihilating V , and define a linear map
Then V = ker χ A a since χ A ′ is pure. Similarly, letη A ′ ∈ Γ( S * + ) be a spinor field annihilating H so that χ A ′ andη A ′ are dual, and chosen such thať
we then have H = kerη aA sinceη A ′ is pure. Therefore, we can identify H with the image of χ A a , and V with the image ofη aA . In this situation the upper case Roman index refers to an ndimensional representation. Viewed as projections, the spinors satisfy [31] 
where δ B A is the identity on im χ A a . In sum, we have a splitting
where H ∼ = V * , and for any v a ∈ Γ(V ), w a ∈ Γ(H), we can write
There is the freedom in rescaling both
2 , which will be fixed by the following consideration. If the torsion-free affine connection D preserves in addition a volume form on M , then the connection D is said to be special, and all our affine connections will have this property. This means that we can always choose our coordinates {x A } such that the preserved volume form is given by dx 1 ∧ . . . ∧ dx n , up to constant multiple, and thus, the Christoffel symbols satisfy Γ C A C = 0. Henceforth, we denote by D a the Levi-Civita connection of the Patterson-Walker metric (7) on M induced by a special torsion-free affine connection
and H is spanned by (6), we can choose χ A ′ andη A ′ such that
and the non-trivial commutation relations
are satisfied. Here we use the convention 
In particular, using (8) and the fact Γ B A C is trace-free, we immediately see that the spinor χ A ′ determined by (9) is parallel. Writing v a = v Aηa A + α A χ aA , we have
In particular, if v B = v B (x) and α B = α B (x) do not depend on p A , then
Next, the Riemann tensor can be computed to be
from which we deduce that
We have a distinguished vector field k and a 2-form µ, defined by
µ := 2 dp A ∧ dx A .
As a 1-form, k a is twice the tautological one-form θ a on T * M . As a skewsymmetric endomorphism, µ a b acts as the identity on H and as minus the identity on V :
It is then straightforward to check that k satisfies the conformal Killing field equation
and in particular k a is a light-like vertical homothety, L k g = 2 g. Now, Patterson-Walker metrics can be locally characterized as follows:
) be a spin structure of split signature (n, n) admitting a parallel pure spinor χ with integrable associated distribution V , and a homothety k ∈ Γ(V ) such that (15) . Suppose further that the Riemann tensor satisfies (12) . Then, in a neighborhood of any point of M , there exist coordinates (x A , p A ) such that the metric g takes the form (7) where Γ C A B are the Christoffel symbols for a special torsion-free affine connection D on the leaf space of V . In particular, ( M , g) is the Riemannian extension associated to D.
Proof. In a neighborhood of any point of M , there exist coordinates {x A , p A } such that the metric takes the form [4, 23] g = 2 dp
where the distribution V is spanned by the vector fields
and {x A } are coordinates on the leaf space M , and the functions Θ AB = Θ (AB) (x, p) satisfy the differential conditions
Since k is a homothety tangent to V , we can write
for some functions k A . The exterior derivative of this 1-form is given by
This gives
Since χ is parallel, differentiating k a χ A a = 0 yields
according to (15) . This means that µ, as an endomorphism of T M , acts by minus the identity on V . Hence
A , i.e. k B = 2 p B + φ B for some functions φ B of x A . We can perform a change of the coordinates p A to eliminate the functions φ B in k B while preserving the form of the metric. At this stage, we have the following local coordinate forms for the homothety k a , its associated 1-form k a , and its exterior derivative µ ab :
Now, k is a homothety satisfying L k g ab = 2 g ab , and the equivalent condition on Θ AB is
This says that Θ AB is homogeneous of degree 1 in p A . On the other hand, the curvature condition (12) is equivalent to
which tells us that Θ AC is linear in p A . Putting things together we see that, given the metric (16), the conditions (17), (18) and (19) are satisfied if and only if Θ AB takes the form
for some Γ C A B = Γ C (A B) (x), which is moreover trace-free by virtue of (17) . The condition (12) is the obstruction for the Levi-Civita connection to descend to an affine connection on M , cf. [1, 9] . We have therefore recovered the Patterson-Walker metric (7) , and Γ C A B can be identified with the Christoffel symbols of a special affine connection D on the leaf space of V .
Conformal Patterson-Walker metrics
We now deal with a projective-to-conformal analog of the construction from previous section.
3.1. Calculus for projective geometry. As before, we shall use upper case Roman abstract indices as in [28] for tensors on M . For instance, α A ∈ E A denotes a 1-form on M , v AB ∈ E [AB] denotes a bivector on M . This convention should not be confused with unprimed spinor indices. By and large, we follow the treatment given in [15, 14, 2] .
Two torsion-free affine connections D A and D A are in a given projective class p if and only if for any ξ A ∈ E A , 
for some 1-form Υ A . We can always choose
..An so that if we set
the connection D A given by (21) or (22) preserves ε A 1 ...An . Thus, we can always find a special connection, i.e. a connection that preserves a given volume form, in the projective class p, and such a connection can be shown to be unique, cf. [6] and [13] . With no loss of generality, we shall henceforth restrict ourselves to special torsion-free affine connections. These enjoy nice properties. In particular, if R C AB D is the curvature tensor of a special torsion-free affine connection D with Ricci tensor Ric AB := R P P A B , then the Schouten tensor
is symmetric. Hence P vanishes if and only if D is Ricci-flat. The projective Weyl curvature and the Cotton tensor are defined respectively by
The connection D is called projectively flat if it is projectively equivalent to a flat affine connection. For manifolds of dimension n = 2, the Weyl curvature vanishes identically and the only obstruction to projective flatness is the Cotton tensor Y . For n ≥ 3 projective flatness is equivalent to the vanishing of the Weyl curvature W . By (22) , any two volume forms ε andε related byε = e (n+1)φ ε correspond to two special torsion-free affine connections D and D differing by the 1-form Υ A = D A φ. We note that under such a projective change, the Rho tensor transforms according to
so that the Schouten P AB associated to D A remains symmetric.
We therefore have a special subclass of torsion-free affine connections of p, projectively related by exact 1-forms, and thus parametrized by smooth functions on M . We can conveniently define the density bundle of projective weight w as E(w) := (∧ n T M ) − w n+1 on M , where dim M = n. We will refer to everywhere positive sections of E(1) as projective scales. Any projective scale σ, say, determines a special torsion-free affine connection D A in p, which extends to an affine connection, also denoted D A , on E(w), and for which D A σ = 0. For any two torsion-free affine connections in p, we have
An oriented projective structure determines a distinguished section ε A 1 .
.
..An] (n + 1), which we shall refer to as the projective volume form. Any choice of projective scale σ corresponds to a special connection D preserving the volume form ε = σ −(n+1) ε. Since, for any two connections D and D in p, we have Dε = Dε by (26) and (22), we conclude that Dε = 0 for any connection D in p.
3.2.
Calculus for conformal geometry. As before, we shall use lower case Roman indices for tensors on M , e.g. g ab ∈ E (ab) denotes a symmetric 2-tensor on M . The reader can refer to [2] for more details on conformal geometry and its calculus.
We define the density bundle of conformal weight w as
on M , where dim M = 2n. We will refer to everywhere positive sections of E[1] as conformal scales. The Levi-Civita connection extends to an affine connection on E[w]. The conformal structure can be equivalently seen as a density-valued metric
The associated Levi-Civita connection D a preserves g ab , g ab and τ . The conformal metric allows us to identify T M with T * M [2] . Similarly, one can identify S ± with S * ± [1] when n is even, and with S * ∓ [1] when n is odd, by means of weighted spin bilinear forms.
For a (pseudo-)Riemannian metric g, the Schouten tensor P is given by
where Ric and Sc is the Ricci and scalar curvature of g, respectively. Since P is a trace modification of Ric, the Schouten tensor vanishes if and only if g is Ricci-flat. The conformal Weyl curvature and the Cotton tensors of g are defined respectively by
The metric g is called conformally flat if it can be (locally) rescaled to a flat metric. For manifolds of dimension 2n ≥ 4 conformal flatness is equivalent to the vanishing of the Weyl curvature W . The transformation rules for Levi-Civita connections and Schouten tensors under conformal changes can be given explicitly, see e.g. [2] .
3.3.
Conformal extensions of projective structures. The Riemann extension of an affine connected space can be adapted to weighted cotangent bundles T * M (w) = T * M ⊗ E(w). The only difference in the weighted case is that a choice of torsion-free affine connection D gives rise to a weighted metric. This means that the natural pairing between H ∼ = T M and V ∼ = T * M (w) defines a symmetric bilinear form on the tangent bundle of T * M (w) with values in π * E(w), the pull-back of the line bundle over M with respect to the natural projection π : T * M (w) → M . A special connection D yields a trivialization of E(w), and thus the pairing can be regarded as R-valued. In particular, D defines a Patterson-Walker metric on T * M (w). We shall denote by θ the (weighted) tautological 1-form on T * M (w). This bundle is trivialized by any choice of projective scales. Let σ and σ be two such scales related byσ = e −φ σ for some smooth function φ. Then, θ := σ −w θ andθ :=σ −w θ are two (tautological) 1-forms related bŷ θ = e wφ θ. In both cases, there exists canonical coordinates {x A , p A } and
Thus, a projective change induces the change of canonical fiber coordinates p A →p A = e wφ p A .
Let D A and D A ∈ p be the special affine connections in p associated to σ andσ respectively, so that
This means that the Christoffel symbols of D A and D A are related by
A straightforward computation then gives dp
so that using (7) yieldŝ
As a consequence, we immediately conclude: Remark 3.3. A slightly different construction, which was first introduced in [12] when n = 2, involves the so-called Thomas projective parameters. In dimension n, these are defined by [16, 33] 
where Γ C A B are the Christoffel symbols of any affine connection in p with respect to some coordinate system {x A }. In fact, the Π C A B do not depend on the choice of connection in p, and are thus a set of projectively invariant functions. However, the Π C A B depend on the choice of coordinates {x A } in the sense that they do not transform as Christoffel symbols, let alone as a tensor in general. Consider a general coordinate transformation x A → y A on M with Jacobian J A B := ∂y A ∂x B , and set φ :
where Π ′ C A B are the Thomas projective parameters defined by the Christoffel symbols with respect to {y A }.
Each of the coordinate systems {x A } and {y A } defines volume forms ε := dx 1 ∧ . . . ∧ dx n andε := dy 1 ∧ . . . ∧ dy n , respectively, preserved by special connections D A and D A in p respectively. These are projectively related by Υ A = D A φ. We therefore have an induced change of canonical fiber coordinates on T * M (w) given by p A → q A := e wφ p B (J −1 ) B A . Define two metrics on the open subset of T * M (w) over the overlap of the charts of {x A } and {y A } by
Then, using (29) , one can immediately check that
In particular, g andĝ are conformally equivalent if and only if w = 2. We have therefore constructed a conformal class of metrics of the form (30) on M = T * M (2) from the projective class p on M : a metric in the conformal class corresponds to the Thomas projective parameters representing p in a given coordinate system {x A }, up to coordinate transformations that preserve the volume form dx 1 ∧ . . . ∧ dx n . Different Thomas projective parameters for different coordinate systems yield conformally related metrics. Finally, with no loss, we can take Π C A B = Γ C A B in the definition (28), where Γ C A B are the Christoffel symbols of the special connection D A preserving the volume form ε, up to constant multiple, on (M, p). In this case, the metric (30) can be identified with the Patterson-Walker metric (7) . As this identification holds for any choice of coordinate system, the conformal class of metrics of the form (30) on M is none other than the conformal Patterson-Walker metric of Definition 3.2.
To deal with the conformal class of Patterson-Walker metrics of Definition 3.2, rather than a metric, we shall henceforth view the quantities introduced in section 2 as being weighted. In particular, γ A a B ′ and γ A ′ a B
have conformal weight 1. By definition, the conformal Killing field k a has weight 0, so that the 1-form k a is twice the weighted tautological 1-form θ a on M , i.e. k a = 2 θ a ∈ E [2] . Next, requiring that the spinor χ A ′ remain parallel with respect to the Levi-Civita connection of any Patterson-Walker metric, restricts its possible conformal weight. Following the conventions of [28, 31] , and for convenience, χ A ′ will have weight 0, from which it follows thatη A ′ has weight 0.
Lemma 3.4. Any projective scale σ ∈ E(1) lifts to a conformal scale σ ∈ E [1] , and thus by extension any section of E(w) lifts to a section of E[w].
Conversely, any section σ of E[w] such that χ aA D a σ = 0, with respect to any Patterson-Walker metric in c, descends to a section of E(w).
Further, any section σ
For contravariant tensors, the lifts depend on the choice of special torsion-free affine connection on p.
Proof. Proposition 3.1 assigns to a special affine connection on M , i.e. a section of σ ∈ E(1), a Patterson-Walker metric on M , i.e. a section of σ ∈ E [1] . This can also be verified by noting that the volume form on M induced by g ab = σ −2 g ab takes the form
..Bn dp B 1 . . . dp Bn .
where ε A 1 ...An is the volume form determined by σ, and ε A 1 ...An its inverse. Since a special projective change induces a changep A = e 2φ p A for some function φ, the volume form ε transforms to ε = e 2nφ ε as expected. The converse statement follows from the fact that the vectors χ aA D a , for any Patterson-Walker metric in c, span the vertical distribution. According to our conventions, we obtain weighted projectors and injectors
. Now choosing an affine connection D ∈ p, any section v A ∈ E A (w) can be canonically lifted v a ∈ E a [w]. This means in particular that as a spinor field, v A = v a χ A a gives rise to a section of E A [w + 1]. Similarly (but independently of the choice of D ∈ p), any section α A ∈ E A (w) gives rise to a section of E A [w − 1]. This generalizes to tensor fields of higher valence. Now let D be a special torsion-free affine connection on M and g its Patterson-Walker metric on M . We can decompose (11) further so as to express the conformal Weyl, Schouten and Cotton tensors W abcd , P ab , Y cab of the Patterson-Walker metric g in terms of the projective Weyl, Schouten respectively Cotton tensors W D AB C , P AB and Y ABC :
Remark 3.5. By direct inspection, we find: Remark 3.6. In contrast with the projective-to-conformal construction described above, the authors of [11] canonically associate to a projective structure a split-signature Einstein metric with non-zero scalar curvature.
Characterization of conformal Patterson-Walker metrics
We shall now prove our characterization Theorem 1 which exactly specifies those split-signature conformal spin structures that are associated to a projective structure via the conformal extension in the sense of definition 3.2. For this purpose we start by collecting properties of the induced conformal structures: Proof. Since χ is parallel with respect to D, it trivially satisfies the twistor spinor equation (1) .
We have already observed in (15) that k ∈ Γ(V ) is a (light-like) conformal Killing field.
The general formula for the Lie derivative of χ with respect to the conformal Killing field k is
Hence it is immediate that D a χ = 0, D a k b = µ ab + g ab and µ ab χ bB = −χ B a (according to (14) and (15)) imply (2). The integrability condition (3) follows immediately from (31) .
For the converse direction we begin with two technical results which will provide a normal form for structures satisfying the above conformal properties.
1
Proposition 4.2. Let χ be a pure real twistor spinor on a conformal pseudoRiemannian manifold ( M , c) of signature (n, n) with associated totally isotropic n-plane distribution V . Suppose V is integrable. Then locally, there is a conformal subclass of metrics in c for which χ is parallel, i.e. if g is any such metric with Levi-Civita connection D, Dχ = 0. Any two such metrics are related by a conformal factor constant along the leaves of V .
Proof. In abstract index notation for spinors we write χ A ′ andχ A :=
The key idea is to use the transformation rule forχ A under a conformal
1 AT-C thanks Andree Lischewski for pointing out an unnecessary curvature condition in the statement of Proposition 4.2, which appeared in an earlier version of [31] (preprint arXiv:1212.3595). See also his analogous result in [24] . change of metric: For a smooth function φ ∈ C ∞ ( M ) andĝ = e 2φ g a rescaled metric, the spinorχ A transforms according to (see e.g. [3, 19] )
Thus, to find a conformal scaling for which χ A ′ is parallel, we must first show thatχ A can be expressed aš
for some smooth function φ. We assume of course thatχ A is non-vanishing, for otherwise our spinor was already parallel. We write the twistor equation on χ as
a , and contracting with χ aA this gives
The condition that V is integrable can be re-expressed as [22, 31] 
for some spinor α A , which necessarily lies in the image of χ aA . The equations (37) and (38) together imply
It is shown in [31] , that since χ is pure, the last formula implies that
In particular, this implies thatχ A also lies in the image of χ aA and thus
By differentiating (36) one obtains the integrability conditions
for the existence of φ (see e.g. [22, 31] ). By (39), the right-hand-side of (41) vanishes. On the other hand, the prolongation of the twistor equation
P ab χ aB leads to the vanishing of the left-hand-side of (41). Hence both sides of (41) are zero, and the integrability conditions are therefore satisfied and we can find a local solution φ of (36).
Finally, by (35), adding to φ a smooth function constant along V , yields a metric in c conformal related toĝ, for which χ is also parallel. This produces the required conformal subclass of c. (D / χ) A being pure with associated n-plane distribution intersecting that of χ A ′ maximally in an (n − 1)-dimensional distribution [31] .
Lemma 4.4. Let χ be a parallel pure spinor with associated distribution V and k a a conformal Killing field tangent to V such that
so that
On the other hand, L k χ = − 1 2 (n + 1)χ now reads as
where we have used (34) and the fact that χ is parallel. Combining (43) and (44) yields ϕ = −1, hence (15) follows.
Proposition 4.5. Let ( M , c) be a conformal spin structure of split signature (n, n) satisfying the properties (a)-(d) of Theorem 1. Then the local leaf space of the integrable distribution associated to the pure twistor spinor admits a projective structure p such that ( M , c) is the conformal extension associated to p.
Proof. From Proposition 4.2 we know that, locally, we can find metrics g andĝ in c such that the twistor spinor χ is parallel with respect to the corresponding Levi-Civita connections D and D, andĝ = e 2φ g for some smooth function φ on M which is constant on the leaves of V . From Lemma 4.4 we know that k a is a homothety satisfying (15) . Since χ is parallel with respect to D, the Schouten tensor P ab is annihilated by V , and thus the integrability condition (3) is equivalent to the condition (12) on the Riemann tensor R abcd . The same argument applies also to D and the corresponding Riemann tensor. We can therefore apply Proposition 2.2 to each of the metrics g andĝ with respective special torsion-free affine connections D and D on M . We shall show that D and D are projectively related. Now, the LeviCivita connections D and D are related by
where Υ a = D a φ. Since φ is constant along the leaves of V , the corresponding 1-form Υ a is strictly horizontal. Hence we consider both φ and Υ a as the pull-back of a smooth function φ and a 1-form Υ A on the leaf space M , respectively. Therefore, for ξ a being a projectable vector field on M and ξ A denoting its projection to M , the two underlying affine connections differ by
. That is why D and D are projectively equivalent, cf. (21) .
Finally, from Proposition 3.1 it follows that M is locally identified with T * M (2).
Combining propositions 4.1 and 4.5 we immediately obtain our characterization Theorem 1.
The conformal Patterson-Walker metric constructed above is also equipped with another distinguished spinor as explained below. 
and satisfies
where η a A ′ := η B γ a B A ′ , i.e. the totally isotropic n-plane distribution U := kerη aA ′ intersects the horizontal distribution H maximally and intersects the vertical distribution V in the line distribution spanned by k a . In particular, k a = 2 √ 2η A χ aA . Further, η A satisfies the conformally invariant equation
In particular, η A is a twistor spinor if and only if ( M , c) is conformally flat, i.e. (M, p) is projectively flat.
Proof. That η A is pure follows from the fact that it lies in the image of η aA sinceη A ′ is a pure spinor. That it satisfies (46) follows from a direct computation and commuting γ-matrices. Since k a andη aA have conformal weights 0 and 1 respectively, η A has conformal weight 1 by (45). We now check that (45) is independent of the choice of connection in p. Consider any two projectively related special connections D A and D A in p corresponding to horizontal distributions H and H on M annihilated by pure spinorsη A ′ and η A ′ respectively. Note that with a choice of trivialization, (13) allows us to make the identification
and similarly for η A ′ . Since the 1-forms annihilating H and H are related as in (27) with w = 2, we can then readily check that η
Since k a annihilates χ A ′ , the result follows immediately. The final part of the proposition follows from a direct, albeit lengthy, computation.
The identification (48) will prove to be very convenient in explicit computations, and will be used ubiquitously in sections 5 and 6.
Remark 4.7. We can investigate the geometric properties of the distributions V = ker χ A a , U = kerη aA ′ and V ∩ U = k a viewed as G-structures on M with structure group taken to be the stabilizer of χ A ′ , η A or k a in Spin(n, n) at a point. These can be expressed in terms of differential conditions on the fields χ A ′ , η A or k a defined up to scale, and are related to the notion of intrinsic torsion of the G-structure. For pure spinor fields, this is the topic of the articles [31, 32] , to which we refer for details. (a) For χ A ′ parallel, the intrinsic torsion is trivial. This implies in particular χ aA D a χ bB χ C b = 0, i.e. V , as any integrable totally isotropic n-plane distribution on (M, c), is totally geodetic [22, 30, 31] . Since k a annihilates the rank-(2n − 1) distribution U + V , this means that U + V is not integrable.
which by the Bianchi identity implies that
Remark 4.8. In four dimensions, i.e. n = 2, we can identify T M with S + ⊗ S − , and use the two-spinor calculus of [28] . We can choose a spin invariant skew-symmetric bilinear form ε AB on S − , with inverse ε AB , to be preserved by the Levi-Civita connection D a of a Patterson-Walker metric in c, and identify ε AB as the volume form on M preserved by the corresponding special connection D A ∈ p. It can be shown [5, 10] that the function Θ AB can be expressed in terms of a single function Θ = Θ(x, p), (18) and (19) tell us that the function Θ must be a polynomial of degree 3 in the coordinates p A , i.e. where Γ B A C are the Christoffel symbols for an affine connection on the projective surface M .
The Weyl tensor can be expressed as
where Ψ A ′ B ′ C ′ D ′ and Ψ ABCD are the self-dual and anti-self-dual parts of the Weyl tensor. Writing v a = χ A ′ v A and w a = χ A ′ w A for two arbitrary elements of V for some spinors v A and w A , we see that (3) is equivalent to
The integrability condition W abcd γ c γ d χ = 0 for the existence of a twistor
e. the self-dual Weyl tensor is of Petrov type N. Combined with (3), we immediately conclude Ψ ABCD = 0, i.e. the Weyl tensor is self-dual.
Einstein metrics
We say that a non-trivial density σ ∈ E[1] is an almost Einstein scale if the metric g ab = σ −2 g ab is Einstein off the zero-set of σ, i.e. Ric ab = λ g ab for some constant λ. One can show that this is equivalent to σ satisfying the conformally invariant equation
We now show that any Einstein scale on ( M , c) gives rise to solutions to overdetermined projectively invariant differential equations. One of these is a projective analogue of equation (50), to be precise, a solution σ ∈ E(1) to
Away from their singularity sets, solutions to this equation determine Ricciflat affine connections D A in p. Thus, they are sometimes referred to as almost Ricci-flat scales.
We shall also consider a generalization of Euler vector fields to weighted vector fields: i.e. a solution ξ A ∈ E A (−1) satisfying
Equation (52) implies
With reference to Lemma 3.4 and the fact that η A has conformal weight 1 we prove:
Lemma 5.1. Let σ ∈ E(1) and ξ A ∈ E A (−1). Then
are sections of E [1] . Here, π is the projection from M to M , and ξ A is viewed as a section of E A .
Before we proceed, we note that for any k a ∈ E a , σ ∈ E[w] and σ a ∈ E a [w], we have
Choosing a Patterson-Walker metric, these simplify to
where we have made use of (15) . Similar formulae for the Lie derivative on weighted forms can be obtained using the Leibniz rule or the fact that k a is a conformal Killing field.
Proof. By (13) (14) and (15), we obtain
Similarly,
(59) Finally, using (11), (24) and (32), we find
. (60) That σ + is an almost Einstein scale follows immediately from (52), (53) and (57). To show that the rescaled metric is Ricci-flat, we compute the trace P of the Rho tensor of the rescaled metric via the transformation rule P = P− D a Υ a +(1−n)Υ a Υ a , where P := P Proof. This follows from (56) with w = 1 and (13). Proof. We use a Patterson-Walker metric throughout. Using (56) with w = 1, together with the Leibniz rule and the fact that µ a b k b = −k a , we compute
Since σ is an almost Einstein scale,
, where we have used the fact that, for a Patterson-Walker metric,
This equation is the characteristic polynomial for L k viewed as a linear operator acting on the finite-dimensional space of Einstein scales, and the decomposition of this space follows immediately. Details and generalizations are given in [18] .
Next, assume that σ ± are almost Einstein scales with L k σ ± = ± σ ± , so that χ aA χ bB D a D b σ ± = 0. In coordinates, this condition reads
This means that σ ± are polynomials of degree 1 in p A with coefficients depending on x A only, i.e. σ ± = ξ A p A + σ, where ξ A = ξ A (x) and σ = σ(x). Now, using (56) with w = 1, L k σ ± = ± σ can be recast as
Using (13), these conditions tell us that σ + is homogeneous of degree 1 in p A and σ − homogeneous of degree 0 in p A . Since they are also polynomials in p A , we conclude that σ ± take the form (55). For the last part of the proposition, we assume σ ± are almost Einstein scales with L k σ ± = ± σ ± so that σ ± are given by (55). We proceed as follows.
(a) The almost Einstein scale σ − defines a conformally related PattersonWalker metric σ −2 − g ab with P ab = 0. By (32), we conclude immediately P AB = 0, i.e. the corresponding affine connection on M is Ricci-flat. (b) Equation (50) with σ = σ + implies that the left-hand side of (60) vanishes, and in particular, each term of the right-hand side must vanish separately, i.e. ξ A satisfies (52) and
But with reference to (54) and (53), together with the Bianchi identity, equation (61) 
Symmetries
We now show that any conformal Killing vector v a on ( M , c), i.e. a solution of
where
gives rise to solutions of overdetermined projectively invariant differential equations on (M, p) as claimed by Theorem 3.
Before we proceed, we recall the prolongation equations for (62):
Here, β a is defined by (63).
6.1. Projectively invariant equations. An infinitesimal projective symmetry is a vector field v A that preserves the projective structure, i.e. for any D A in p and vector field X A ,
It can be shown that v A is an infinitesimal projective symmetry if and only if it satisfies the following projectively invariant overdetermined system of partial differential equations [15] 
Define
Then, under a projective transformation, using (21), the fields transform aŝ
Equation (67) can be written in prolonged form as
The first two equations immediately follow from (68), the third one from (67), and the last one from the divergence of the latter equation.
Next, we shall consider the following projectively invariant equation
where w AB ∈ E [AB] (−2). Defining
one can easily verify the transformation rules under a projective changê
Differentiating (72), one can show that equation (71) is equivalent to the system
Finally, we shall consider a weighted 1-form α A ∈ E A (2) that satisfies the Killing equation
6.2. Projectively invariant lifts. Let v A ∈ E A , w AB ∈ E [AB] (−2) and α A ∈ E A (2), and φ B A , ψ, and ν A are given by (68) and (72). At this stage, we do not assume that v A , w AB and α A satisfy (67), (71) and (75) respectively. Lemma 6.1. Choosing a special torsion-free affine connection D ∈ p, we define the vector fields
on M . Then the forms of these vectors are independent of the choice of D ∈ p.
Proof. We first check the conformal weight of each expression using Lemma 3.4. For instance, we view w AB and ν A as sections of E AB and E A [1] respectively. Since η A andη a B have weight 1 and −1 respectively, we see that the both terms in (77), and thus v a + , have weight 0 as required. Next, under a projective change of affine connections in p, η A , χ A a and k a are invariant. In particular, v a − is invariant. The invariance of v a 0 and v a + can be verified by observing that the change of horizontal distribution as given (49) induced by a projective change, and using (48), counterbalances the transformation rules (69) and (73).
Lemma 6.2. The vector fields in Lemma 6.1 satisfy the following properties:
+ and v a − are tangent to U = ker η aA ′ and V = ker χ A a respectively, i.e. v a + η aA ′ = 0 and v a − χ A a = 0;
which, using (9) is equivalent to the first relation in the display
The second relation follows similarly using (9) and the last one is obvious. Further, L k v A = 0 and similarly for all sections depending only on x A . Using (48), these relations and the Leibniz rule, it is a straightforward computation to verify part (a). Proof. In the following we work with a choice of Patterson-Walker metric g ∈ c.
(a) Suppose v A satisfies (67), so that φ B A , ψ and β A are given by (68), and lift v A to v a := v a 0 as given by (76). Then, using (10), (67) is equivalent to (70), it is clear that the first and third terms of (81) vanish, and so (81) is proportional to the metric, i.e v a is a conformal Killing field. (b) Suppose w AB satisfies (71), and lift w AB to v a := v a + as given by (77). Then, using (10),
Since (71) is equivalent to (74), and we assume in addition (80), we immediately conclude
.e. v a is conformal Killing. (c) Suppose α A is a solution to (75), and lift α A to v a := v a − as given by (78). Then, using (10) ,
By (75), we now conclude that v a is a (conformal) Killing field.
6.3. Decomposition of conformal Killing fields. Before we proceed, we record the following technical lemma. Proof. This follows from (56), or (79), and (13).
Proposition 6.5. A conformal Killing field v a ∈ E a can be uniquely decomposed as
where 
Differentiating (62) once and substituting (64) and (63) yield
Now, using (56) with w = 0 gives
We note that L k µ b a = 0 and using (86),
, where we have made use of the fact that k a W abcd k d = 0, and, for a Patterson-Walker metric, P ab k b = 0 -see (31) and (32) . Then we compute
, which is equivalent to (85). The result follows immediately.
Next, we write v a = v Aηa A + α A χ aA . Then contracting (86) with three vertical fields yields
where w AB and ψ A only depend on x A . Similarly,
where ψ BC A = ψ 
In case (a), we immediately conclude that v a takes the form (76), while in (c) that v a takes the form (78). For case (b), we return to the conformal Killing equation and equation (86), and find
for some ν A , from which it follows that v a takes the form (77). At this stage, we do not know that v A , w AB and α A satisfy (67), (71) and (75) respectively, nor that v A , φ B A and ψ are related by (68), and w AB and ν A by (72).
Next, we note that by Lemma 6.2, v a + and v a − are tangent to the distributions U and V annihilated of η A and χ A ′ respectively. Since k a is tangent to both then v a ± could potentially be of the form f k a for some smooth function f . So suppose that v a ± = f k a . Then L k v a ± = ±2 v a ± tells us that f must be non-constant. But since k a is a conformal Killing field, f must necessarily be constant. Hence, v a ± cannot be proportional to k a . Finally, suppose v a 0 = c k a for some constant c. Then 
Since, by assumption the left-hand side vanishes, we have ψ =
+ given by (77). Computing D a v b gives (82) again. The trace-free part of (82) vanishes, which is equivalent to
The symmetric part of (87) yields ν A = 1 n−1 D C w CA and the skewsymmetric part reduces to (71). In particular, w AB satisfies (71). This in turn implies (74), which, substituted into (88), yields
Taking the trace shows that both terms vanish separately, as required.
− given by (78). Computing D a v b gives (83) again, from which we immediately conclude that α A is Killing.
We end the section with a geometric interpretation of a light-like conformal Killing field v a with L k v a = 0. 
for any affine connection D A in the projective class on M . In particular, if v a is light-like then v A is geodetic.
Proof. We compute the norm of the lift v a = v a 0 as defined in Lemma 6.1: We now consider the Patterson-Walker metric g induced by a given affine connection D on M . Let v a be an infinitesimal symmetry of g, i.e. L v g = 0, which is well-known to be equivalent to the overdetermined equation
Such a field is also known as a Killing field. We want to understand how v decomposes in terms of objects on the affine structure (M, D) in analogy to Proposition 6.5 and Theorem 3.
Before we proceed, we recall the definition of an infinitesimal affine symmetry as a vector field v A that preserves the affine structure, i.e. it satisfies (66) with Υ A = 0. Following [34, 15] , one can check that such a vector field satisfies the overdetermined second order equation
One can show that (91) is equivalent to the system 
where v A , φ B A , ψ, w AB and α A are tensor fields on M , with w AB = w [AB] and φ C C = 0. One then easily checks that an infinitesimal affine symmetry v A , a parallel bivector w AB and a Killing 1-form α A give rise to Killing fields via the lifts (93), (94) and (95) respectively. Remark 6.7. Had we lifted an infinitesimal affine symmetry v A by means of (76), we would have discovered that v a + is a homothety with D a v a + = 2n 2 n+1 ψ. Since k a is a homothety, we can modify (76) by adding the term − n n+1 k a to it and thus obtain the Killing field (93). Proposition 6.8. A Killing field v a ∈ E a can be uniquely decomposed as
which tells us that v A is an infinitesimal affine symmetry, as can be checked directly from the defining equations (90) and (91). When v a = v a + , (82) with ν A = 0 implies that w AB is parallel. When v a = v a − , (83) gives us that α A is Killing.
Taken together, we thus obtain Theorem 4. This remark applies in particular to any surface of revolution in R 3 in which case α A represents the infinitesimal generator of the rotation. 7.2. Case n = 3. In the special case n = 3, the projective volume form ε ABC ∈ E [ABC] (4) on (M, p), with inverse ε ABC ∈ E [ABC] (−4), allows us to identify E AB (−2) with E A (2). One can then easily check that w AB ∈ E [AB] (−2) is a solution of (71) 7.3. Contact projective structures in odd dimensions. There is a specific class of (odd-dimensional) projective structures on M allowing a compatible contact structure. According to [17] , these are the projective structures subordinate to the so-called contact projective structures. It follows that under a curvature condition imposed on the contact projective structure (known as the vanishing of the contact torsion) one obtains a projective structure p on M admitting a Killing 1-form α A . In particular, every projective structure (M, p) determined by a contact projective structure with vanishing contact torsion gives rise to an infinitesimal conformal symmetry of ( M , c).
7.4.
Relation to Cartan geometry and tractor calculus. The original oriented projective structure (M, p) can be equivalently described as a Cartan geometry of type (SL(n+1), P ) with P a parabolic subgroup of SL(n+1), and the conformal spin structure ( M , c) can be equivalently described as a Cartan geometry of type (Spin(n+1, n+1), P ), with P a parabolic subgroup, see [8] . This viewpoint was used in [20] to relate the respective geometries (see also [26, 25] for similar Cartan geometric approaches). The formulation in [20] follows the so-called Fefferman-type construction, which is based on a group inclusion SL(n + 1) ֒→ Spin(n + 1, n + 1) of the underlying (Cartan) structure groups. The decomposition of conformal Killing fields of ( M , c) can also be understood in this framework: Conformal Killing fields of ( M , c) are equivalent to infinitesimal symmetries of the equivalent Cartan geometry ( G, ω) and according to [7] those infinitesimal symmetries can be described equivalently by sections of the conformal adjoint tractor bundle A M associated to the adjoint representation of Spin(n + 1, n + 1) on so(n + 1, n + 1), parallel with respect to a certain connection referred to as the prolongation connection. Likewise, projective infinitesimal symmetries are described as suitable parallel sections of the projective adjoint tractor bundle AM . Since ( M , c) is (locally) induced in a natural way from the projective structure (M, p), the adjoint tractor bundle decomposes naturally according to the decomposition of so(n + 1, n + 1) into its SL(n + 1)-irreducible components
Decomposing an infinitesimal symmetry into its constituents with respect to this decomposition and reinterpreting the resulting sections on the original projective structure (M, p) gives an alternative (algebraic) approach to derive Theorem 3. Let us illustrate this formalism within the general approach of the present article. A choice of metric g in c splits the adjoint tractor bundle as A M ∼ = E a [2]⊕ E ab [2] ⊕ E ⊕ E a . Similarly, a choice of torsion-free affine connection D in p splits the projective adjoint tractor bundle, which is associated to sl(n+1) as AM ∼ = E A ⊕ E A B ⊕ E ⊕ E B . A conformal Killing field v a can then be expressed as a section Σ = ( v a , φ ab , ψ, β a ), where φ ab , ψ and β a were defined at the beginning of section 6. The defining equation (62) together with its prolongation (63), (64) and (65) then can be understood equivalently as Σ being parallel with respect to the prolongation connection on A M . Similarly, an infinitesimal projective symmetry v A can be expressed as a section Σ = (v A , φ A B , ψ, β A ), where φ A B , ψ and β A were defined at the beginning of section 6.1. The defining equation (67) together with its prolongation (70) can be interpreted as Σ being parallel with respect to the prolongation connection on AM . The relation between Σ and Σ is given in terms of the liftṽ a 0 of Lemma 6.1. An analogous approach can be employed to describe almost Einstein scales on ( M , c) in terms of parallel sections of the standard tractor bundle and relate them to projective data.
This Cartan geometric approach to relate particular overdetermined equations on the respective projective and conformal structures will be the subject of forthcoming work [21] .
